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Abstract 

A vertex v £ V is said to resolve two vertices x and y if <1g{v,x) ^ d,G(v,y). A set S C V 
is said to be a metric generator for G if any pair of vertices of G is resolved by some element 
of S. A minimum metric generator is called a metric basis, and its cardinality, dim(G), the 
metric dimension of G. A set S C V is said to be a simultaneous metric generator for a 
graph family Q = {Gi, G 2 ,..., Gk}, defined on a common (labeled) vertex set, if it is a metric 
generator for every graph of the family. A minimum cardinality simultaneous metric generator 
is called a simultaneous metric basis, and its cardinality the simultaneous metric dimension of 
Q. We obtain sharp bounds for this invariants for general families of graphs and calculate closed 
formulae or tight bounds for the simultaneous metric dimension of several specific graph families. 
For a given graph G we describe a process for obtaining a lower bound on the maximum number 
of graphs in a family containing G that has simultaneous metric dimension equal to dim(G). It 
is shown that the problem of finding the simultaneous metric dimension of families of trees is 
AP-hard. Sharp upper bounds for the simultaneous metric dimension of trees are established. 
The problem of finding this invariant for families of trees that can be obtained from an initial 
tree by a sequence of successive edge-exchanges is considered. For such families of trees sharp 
upper and lower bounds for the simultaneous metric dimension are established. 


1 Introduction 

A generator of a metric space is a set S of points in the space with the property that every point 
of the space is uniquely determined by its distances from the elements of S. Given a simple and 
connected graph G = {V,E), we consider the function do ■ V x V — > N U {0}, where dc(x,y) is the 
length of a shortest path between u and v and N is the set of positive integers. Then (V,dc) is a 
metric space since da satisfies (i) dc(x,x) = 0 for all x £ V, (ii) dc{x,y) = dc{y,x) for all x,y £ V 
and (iii) da{x,y) < dc(x,z) + dc{z,y ) for all x,y,z&V. A vertex v £ V is said to resolve two 
vertices x and y if dc{v,x) 7 ^ do{v,y). A set S C V is said to be a metric generator for G if any 
pair of vertices of G is resolved by some element of S. A minimum cardinality metric generator is 
called a metric basis , and its cardinality the metric dimension of G , denoted by dim(G). 

Motivated by the problem of uniquely determining the location of an intruder in a network, by 
means of a set of devices each of which can detect its distance to the intruder, the concepts of a metric 
generator and metric basis of a graph were introduced by Slater in j 7 FI\ where metric generators were 
called locating sets. Harary and Melter independently introduced the same concept in [5], where 
metric generators were called resolving sets. Applications of the metric dimension to the navigation 
of robots in networks are discussed in m and applications to chemistry in mmi. This invariant 
was studied further in a number of other papers including, for instance [3I3HZ1ISHI11IMI1123]- 
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The navigation problem proposed in [ 16 ] deals with the movement of a robot in a “graph space”. 
The robot can locate itself by the presence of distinctively labeled “landmarks” in the graph space. 
On a graph, there is neither the concept of direction nor that of visibility. Instead, it was assumed 
in [T 5 ] that a robot navigating on a graph can sense the distances to a set of landmarks. If the robot 
knows its distances to a sufficiently large number of landmarks, its position on the graph is uniquely 
determined. This suggests the following problem: given a graph G, what are the fewest number 
of landmarks needed, and where should they be located, so that the distances to the landmarks 
uniquely determine the robot’s position on G? This problem is thus equivalent to determining the 
metric dimension and a metric basis of G. 

In this article we consider the following extension of this problem. Suppose that the topology 
of the navigation network may change within a range of possible graphs, say G±, G2,G^. This 
scenario may reflect the use of a dynamic network whose links change over time, etc. In this case, 
the above mentioned problem becomes that of determining the minimum cardinality of a set S of 
vertices which is simultaneously a metric generator for each graph G,, i £ { 1 ,..., fc}. So, if 5 is a 
solution to this problem, then the position of a robot can be uniquely determined by the distance to 
the elements of S, regardless of the graph G t that models the network along whose edges the robot 
moves at each moment. 

On the other hand the graphs Gi, G2,..., G& may also be the topologies of several communication 
networks on the same set of nodes. These communication networks may, for example, operate at 
different frequencies. In this case a set S of nodes that resolves each Gi would allow us to uniquely 
determine the location of an intruder into this family of networks. 

Given a family Q = {Gi, G 2 ,..., G*,} of (not necessarily edge-disjoint) connected graphs G, = 
(V, Ei) with common vertex set V (the union of whose edge sets is not necessarily the complete 
graph), we define a simultaneous metric generator for Q to be a set S C V such that S is simul¬ 
taneously a metric generator for each G t . We say that a smallest simultaneous metric generator 
for Q is a simultaneous metric basis of Q, and its cardinality the simultaneous metric dimension of 
Q. denoted by Sd(t?) or explicitly by Sd(Gi, G2,..., G*,). An example is shown in Figure | 4 ] where 
{'U3, U4} is a simultaneous metric basis of {Gi, G2, G3}. 





Figure 1 : The set {t>3, V4} is a simultaneous metric basis of (Gi, G2, G3}. Thus, Sd(Gi, G2, G3) = 2 . 

The study of simultaneous parameters in graphs was introduced by Brigham and Dutton in [ 2 ], 
where they studied simultaneous domination. This should not be confused with studies on families 
sharing a constant value on a parameter, for instance the study presented in El. where several 
graph families all of whose members have the same metric dimension are studied. 

We will use the notation K n , C n , N n and P n to denote a complete graph, a cycle, an empty 
graph, and a path of order n, respectively. Let G be a graph and u, v vertices of G. We use u ~ v to 
indicate that u is adjacent with v and u no v to indicate that u is not adjacent with v. The diameter 
of a graph G, denoted by Z?(G), is the maximum distance between a pair of vertices in G. For the 
remainder of the paper, definitions will be introduced whenever a concept is needed. 
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2 General Bounds 


Observation 2.1. For any family Q = {Gi, G 2 ,..., G^} of connected graphs with common vertex 
set V and any subfamily B of G, 


k 

Sd (H) < Sd(t/) < min{\V\ — 1,dim(G;)}. 

2—1 


In particular, 

max {dim(Gj)} < Sd(C/). 

The above inequalities are sharp. For instance, for the family of graphs shown in Figure [T] we 
have Sd(Gi, G 2 , G 3 ) = 2 = dim(Gi) = dim(G 2 ) = max {dim(Gj)}, while for the family of graphs 

ie{l,2,3} 

shown in Figured we have Sd(Gi, G 2 , G 3 ) = 3 = \V\ — 1. 

The following result is a direct consequence of Observation 12. II 

Corollary 2.2. Let Q be a family of connected graphs with the same vertex set. If K n £ G, then 


Sd(£) = n-l. 

As shown in Figure [ 2 ] the converse of Corollarv l2.2l does not hold. 



V3 


v 2 



V3 


V 2 



V3 
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Figure 2: The set {i’ 2 , V3, iq} is a simultaneous metric basis of {Gi, G 2 , G 3 }. Thus, Sd(Gi, G 2 , G 3 ) = 
3 = n — 1. 

Given a graph G = (V, E) and a vertex v £ V, the set Ng{v) = {u £ V : u ~ u} is the open 
neighborhood of v and the set -/Vg[u] = Ng{v) U {u} is the closed neighborhood of v. Two vertices 
x, y £ V(G) are twin vertices in G if Nq(x) = Ng{p) or ./Vg[ie] = Nc[y]- 

Theorem 2.3. Let Q be a family of connected graphs with the same vertex set V. Then Sd(C7) = 
|V| — 1 if and only if for every pair u,v £ V, there exists a graph G uv £ Q such that u and v are 
twins in G uv . 

Proof. We first note that for any connected graph G = (V, E) and any vertex v £ V the set V — {u} 
is a metric generator for G. So, if Sd(ty) = \V\ — 1, then for every v £ V, the set V — {u} is a 
simultaneous metric basis of Q and, as a consequence, for every u £ V — {i'} there exists a graph 
Guv £ G such that the set V — {u, v} is not a metric generator for G uv , *.e., for every x £ V — {u, u} 
we have dG uv {u,x) = dG uv [y, x). So u and v must be twin vertices in G u>v . 

Conversely, if for every u, v £ V there exists a graph G uv £ G such that u and v are twin vertices 
in G uv , then for any simultaneous metric basis B of G either u £ B or v £ B. Hence, all but one 
element of V must belong to B. Therefore \B\ > |V| — 1 and, by Observation 12. II we conclude that 
Sd(G) = \V\ - 1. □ 

Notice that Corollary 12.21 is also a consequence of Theorem 12.31 as is the next result. 
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Corollary 2.4. Let Q be a family of connected graphs with the same vertex set V. If Q contains 
three star graphs having different centers, then Sd(C7) = |V| — 1. 

It was shown in [?] that for any connected graph G of order n and diameter D(G), 

dim(G) < n - D{G). (1) 

Our next result is an extension of m to the case of the simultaneous metric dimension. 

Theorem 2.5. Let Q be a family of graphs with common vertex set V that have a shortest path of 
length d in common. Then 

Sd(G) < |V| - d. 

Proof. Let Q = {Gi, G 2 , Gk} be a family of graphs with common vertex set V having a shortest 
path vo, Vi, ..., Vd in common. Let W = V — {vi, ...,Vd}. Since dGj{vo,Vi) = i, for i £ {1, ...,d}, we 
conclude that IT is a metric generator for each Gj. Hence, Sd(C?) < \W\ = \V\ — d. □ 

Let r > 3 be an integer. Label the vertices of K r and K\ r -i with the same set of labels and 
suppose c is the label of the centre of the star Let Pd, d > 2, be an a-b path of order d 

whose vertex set is disjoint from that of K r . Let G\ be the graph obtained from the complete graph 
K r = (V 7 , E'), r > 3, and the path graph Pd, d> 2, by identifying the leaf a of Pd, with the vertex 
c of K r and calling it c, and let G 2 be the graph obtained by identifying the leaf a of Pd with the 
center c of the star K\ r -i and also calling it c. In this case, G\ and G 2 have the same vertex set V 
(where |Vj = d + r — 1). For any v £ V(K r ) — {c} we have dGi{b,v) = dG 2 (b,v) = d and F(Pd)U{z>} 
is a shortest path of length d in both graphs G 1 and G' 2 . Moreover, W = {V' — {u,c}) U {b} is a 
simultaneous metric basis of {Gi,G 2 } and so Sd(Gi,G 2 ) = |Vj — d. Therefore, the above bound is 
sharp. 


3 Simultaneous Metric Dimension of Families of Graphs with 
Small Metric Dimension 

In this section we focus on families of graphs on the same vertex set each of which have dimension 1 
or 2. It was shown in [4] that dim(G) = 1 if and only if G is a path. The first result in this section 
deals with families of graphs for which the simultaneous metric dimension is as small as possible. 

Theorem 3.1. Let Q be a family of connected graphs on a common vertex set. Then 

1. Sd(C?) = 1 if and only if Q is a collection of paths that share a common leaf. 

2. If Q is a collection of paths, then 1 < Sd(f7) < 2. 

Proof. Thus, if Sd(£) = 1, then the family Q is a collection of paths. 

Moreover, if v is a vertex of degree 2 in a path P, then v does not distinguish its neighbours and, 
as a consequence, {u} is a metric basis of P if and only if v is a leaf of P. Therefore, 1. follows. 

Since any path has metric dimension 1, and any pair of distinct vertices of a path P is a metric 
generator for P, we conclude that 2. follows. □ 

Theorem 3.2. Let Q be a family of graphs on a common vertex set V such that Q does not only 
consist of paths. Let TL be the collection of elements of Q which are not paths. Then 

Sd(G) = Sd (H). 

Proof. Since TL is a non-empty subfamily of Q we conclude that Sd(f7) > Sd (TL). From Theorem 
EHi), it follows that Sd('H) > 2. Moreover, as any pair of vertices of a path P is a metric generator 
for P , it follows that if B C V is a simultaneous metric basis of TL, then B is a simultaneous metric 
generator for Q and, as a result, Sd(f7) < \B\ = Sd (TL). □ 
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Theorem 3.3. Let Q = {G i, G 2 , Gk} be a family of cycles on a common vertex set V. Then the 
following assertions hold: 

1. If \V\ is odd, then Sd(C7) = 2. 

2. If \V\ is even, then 2 < Sd(C?) < 3. Moreover, for |Vj even, Sd(C?) =2 if and only if there are 
two vertices u,v £ V which are not mutually antipodal in Gi for every i £ {1, 

3. If \V\ is even and k < n — 1, then Sd(fy) = 2. Moreover, this result is best possible in the sense 
that there is a family of (n — 1 ) cycles of order n on the same vertex set whose simultaneous 
metric dimension is 3. 

Proof. The result is clear for \V\ = 3. Let C n be a cycle of order \V\=n> 4. We first assume that 
n is odd. In this case, given four different vertices u,v,x,y £ V(C n ) we have dc n (u,x) 7 ^ dc n {u,y) 
or dc n (v,x ) 7 ^ dc n (v,y). Hence, we conclude that {it, i>} is a metric generator for C n and, since 
dim(C„) > 1, we conclude that {it, u} is a metric basis for C n . Thus, {it, v } is a simultaneous metric 
basis for Q. Therefore, in this case Sd(f7) = 2. Thus 1. holds. 

From now on we assume that \V\ = n is even. Note that in this case every Gi is a 2-antipodaQ 
graph. Let u,v £ V(C n ) be two vertices which are not mutually antipodal in C n . Since, for every 
pair of distinct vertices x,y £ V(C n ), we have dc n (u,x) 7 ^ dc n {u,y) or dc n {v,x) 7 ^ dc n (y,y ), we 
conclude that {it, z;} is a metric generator for C n and, since dim(C n ) > 1, we conclude that {it,i>} is 
a metric basis. Clearly, no pair of mutually antipodal vertices form a metric basis for C n . Therefore, 
Sd(fy) = 2 if and only if there are two vertices u,v £ V which are not mutually antipodal in Gi for 
every i £ {1, Suppose that, for every pair of distinct vertices u,v £ V, there exists Gi £ Q 

such that u and v are mutually antipodal in Gi. In this case we have Sd(f7) > 3. Now, since for 
three different vertices u,v,w £ V, only two of them may be mutually antipodal in Gi, we conclude 
that {u,v,w} is a simultaneous metric generator for Q. Therefore, in this case, Sd(fy) = 3. This 
completes the proof of 2 . 

Since each of the k cycles in Q has n/2 antipodal pairs it follows that if k < n — 1 or equivalently 
IT < ( 2 )’ then Sd(<y) = 2. This inequality is best possible in the sense that there is a collection of 
(n — 1) cycles Q = {C{, C' 2 ,... , 6" } with vertex set {1,2,... ,n} such that each of the ( 2 ) possible 

pairs from {1,2,..., n} is an antipodal pair on exactly one of these cycles and hence Sd(f?) = 3. We 
construct the labeling of these cycles by assigning pairs of labels to antipodal pairs in such a way 
that a given pair is assigned to exactly one of these (n — 1) cycles. Consider the upper triangular 
array whose {i,j) th entry is (i, j) for 1 < i < j < n. Select the first non-empty entry in row 1 . This 
entry is the ordered pair (1,2). Begin by assigning the labels 1 and 2 to the vertices in positions 1 
and n/2 on C[. Now mark rows and columns 1 and 2 used and mark the pair ( 1 , 2) as unavailable. 
Find the first unused row and subject to this the first unused column and let the corresponding 
entry in the array be say (*i 2 , Ji 2 ). Assign i i 2 and j i 2 to vertices in positions 2 and 1 + n/2 on C[ 
and mark both rows and columns *i 2 and j \ 2 as used and the pair («i 2 , ji 2 ) as unavailable. Next 
find the first available pair in the first unused row and subject to this in an unused column, say 
(u 3 , Ji 3 ). Assign the labels i \ 3 and ji 3 to the vertices in C{ in positions 3 and 2 + n/2, respectively. 
We continue this process until all rows and columns of the array have been marked used. Moreover, 
whenever the entries of an ordered pair are used as labels of vertices in C[ we mark that pair as 
unavailable. Now reset the labels on all rows and columns in the array as unused but do not reset 
the labels on the ordered pairs. Next find the first available entry say (* 2 dJ 2 1 ) i n row 1 and assign 
i 2 x and j 2l to the vertices in positions 1 and n/2, respectively, of C! 2 . Mark rows and columns * 2 X 
and j* 2 i as used and mark the pair ( 1211 / 21 ) as unavailable. Now find the first non-empty available 
entry in the first unmarked row and subject to this in the first unmarked column, say (* 221 / 22)1 an( l 
assign * 2 2 and j 2 2 to vertices in positions 2 and 1 +n/2 in C' 2 . Continue in this manner until entries 
of each ordered pair in the triangular array have been assigned as labels to antipodal vertices in one 
of the cycles in Q. Then Sd(C7) = 3. This completes the proof of 3. 

□ 

1 We recall that G = (V(G). FAG)) is 2-antipodal if for each vertex x € V{G) there exists exactly one vertex 
y £ V (G) such that d,Q{x,y) = D(G). 


5 



As a direct consequence of Theorems l3.2l and l3.3l we can obtain the following result for the special 
case of families composed solely of paths and cycles. 

Corollary 3.4. Let Q = {Gi, G 2 ,..., G k } be a family of cycles and paths with the same vertex set 
that contains at least one cycle. Then the following assertions hold: 

1. If \V\ is odd, then Sd(C7) = 2. 

2. If \V\ is even, then 2 < Sd(C/) < 3. Moreover, for \V\ even, Sd(C?) =2 if and only if there are 
two vertices u,v £ V which are not mutually antipodal in Gi for every cycle Gi £ Q. 

3. If \V\ is even and Q contains fewer than (n — 1) cycles, then Sd(f?) = 2. Moreover, there is a 
family Q containing (n — 1) cycles such that Sd(C?) = 3. 

4 Large Families of Graphs with a Fixed Basis and Large 
Common Induced Subgraph 

In this section we show that there may be large families of graphs on the same vertex set with 
small simultaneous metric dimension. We accomplish this by describing a general approach for 
constructing large families of labeled graphs on the same vertex set for which the simultaneous 
metric dimension attains the lower bound given in Observation 12.11 Moreover we show that such a 
family of graphs contain large isomorphic common induced subgraphs. 

Let G = (V,E) be a graph and let Perm{V) be the set of all permutations of V. Given a 
subset X C V, the stabilizer of X is the set of permutations <S(X) = {/ £ Perm(V ) : f(x) = 
x , for every x £ X}. As usual, we denote by f(X) the image of a subset X under /, i.e., f{X) = 
{f(x) : x £ X}. 

Let B be metric basis of a graph G = (V,E) of diameter D(G). For any r £ {0,1, ...,D(G)} we 
define the set 

B r (B) = (J {y £ V : d G (x,y) < r}. 

x(zB 

In particular, B 0 (B) = B and B^B) = |^J [rc]. Moreover, since B is a metric basis of G, 

|Br, (G) _ 1 (£)| > \V\ - 1. 

Let G be a connected graph that is not complete. Given a permutation / £ S(B) of V we say 
that a graph G' = (V,E r ) belongs to the family Qf if and only if N G >(f(v)) = f(No{v)), for every 
v £ B d(G)- 2 (B). In particular, if D(G) = 2 and / £ S(B), then G' = (V, E') belongs to the family 
Qf if and only if Nc(x) = f(Nc(x)), for every x £ B. Moreover, if G is a complete graph, we 
defined Qf = {G}. 

Remark 4.1. Let B be a metric basis of a connected non-complete graph G, let f £ S(B) and 
G' £ Qf. Then for any b £ B and k £ {l, ..., D{G) — 1}, a sequence b = Vo, v\, ..., Vk-\,Vk = v is a 
path in G if and only if the sequence b = f{v 0 ), f(v 1 ),..., f{vk- 1 ), f{vk) = f(v) is a path in G'. 

Proof. Let b £ B. Since G' £ Qf and b = vo £ B d(G)- 2 {B), we have that f{v 1 ) £ Nc^fiv 0 )) if and 
only if vi £ N G (v 0 ) and, in general, if Vi £ Bd(g)- 2 (B), then f(v i+ 1 ) £ N G ff(vi)) if and only if 
Vi+i £ N G (vi). Therefore, for any k £ {1 ,...,D(G) - 1}, a sequence (b =)f(v 0 ),f (vi),...,f{v k -i), 
/(ufc)(= /(f)) is a path in G' if and only if (b =)vq,v\, ...,Vk-i,v k (= v) is a path in G. □ 

Corollary 4.2. Let B be a metric basis of a connected graph G, let f £ S(B ) and G' £ Qf. Then 
for any b £ B and v £ B d(G)-i(B), d G (b,v) = k if and only if d G :{b, f (v)) = k. 

Corollary 4.3. Let B be a metric basis of a connected qraph G, let f £ S(B) and G' £ Qf. Then 

<B d(g) _ 2 (B)> = <B d(g ,)_ 2 (B)>. 
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Proof. Since G' G Gf , the function / is a bijection from V(G) onto V{G'). It remains to show 
that the restriction of / to ( Y$ D (G)- 2 {B )) is an isomorphism, i.e., we need to show that uv is an 
edge of ( B d{g) _ 2 (B )) if and only if f{u)f(v) is an edge of (B D(G ,)_ 2 (B)). Let u,v G B D(G) _ 2 (B). 
Let k be the length of a shortest path from the set {it,?;} to the set B. Then there is a b € B 
such that k = mm{d G (&,it),ci G (&,u)} < D(G) — 2. We may assume d G (&, u) = k. So there is a 
path (b =)v 0 ,vi, ...,v k -i,v k {= u) in (Bd( G )_ 2 (B)). By RemarkSH] (b =)v 0 , Vi, ..., v k -i, v k {= u), v 
is a path in G if and only if (b =)f(v 0 ), f{vi),...,f(v k -i),f{vk)(= f{u)),f(v) is a path in G'. So 
uv G E{(B D ( G) _ 2 {B))) if and only if f(u)f(v) G E((B D ^ ) _ 2 (B))). □ 

Now we define a family of graphs Gb , associated with B 1 as follows. 

Gb = |J Gf- 

feS(B) 


Notice that if B G ( G )_ 2 (I3) C V, then any graph G' G Gb is isomorphic to a graph G* = ( V., E*) 
whose edge set E* can be partitioned into two sets Ef, E%, where E% consists of all edges of G 
having at least one vertex in Bd( G )_ 2 (B) and E% is a subset of edges of a complete graph whose 

vertex set is V — Bd( G )_ 2 (B). Hence, Gb contains 2 ( 2 ' \V — B\\ different labeled graphs, where 
l = \V — B G ( G )_ 2 (B)|. Clearly, if |B £) ( G )_ 1 (I3)| = \V\, then all these graphs are connected and if 

|Bd( G )_ 1 (B)| = \V\ — 1, then 2 “ ^ " ( 2 l ~ 1 — 1 )|H — B |! of these graphs are connected. 



^5 

v 4 

V3 

V 2 

Vl 


f 

Vl ->■ Vl 
V2 V4 
V 3 V 2 
V4 V 6 
V 5 -> V 5 

Vq ->• v 3 



Figure 3: B = {1, 5} is a metric basis of G, f G S(B) and {Gi,..., G s } C Gf 

Now, if B D ( G )_ 2 (i?) = V, then Gb consists of graphs isomorphic to each other, having the basis 
B in common and, as a consequence, for any non-empty subfamily Ji C Gb we have Sd (TL) = 
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dim(G). As the next result shows, this conclusion on Sd (TV) need not be restricted to the case 

b d{g)~2(b) = y ■ 

Theorem 4.4. Any metric basis B of a connected graph G is a simultaneous metric generator for 
any family of connected graphs H C Q B . Moreover, if G GPL, then 

Sd(H) = dim(G). 

Proof. Assume that B is a metric basis of a connected graph G = (V,E), f G S(B) and G' G Qf. 
We shall show that B is a metric generator for G'. To this end, we take two different vertices 
u',v' G V — B of G' and the corresponding vertices u, v G V of G such that f(u) = u' and f(v) = v'. 
Since u ^ v and u,v tfL B, there exists b G B such that dc{u,b) ^ dc{v,b). Now, consider the 
following two cases for u,v. 

(1) u,v G B d(G)-i{B). In this case, since dc(u,b) ^ dc(v,b ), Corollary 14.21 leads to dc^u',b) ^ 
d G >(v',b). 

(2) u G B d(G)-i(B) and v qL B d(G)-i{B). By Corollary 14.21 dG'(u',b) < D(G) — 1 and, if 
dG'{v',b) < D(G) — 1, then dc{v,b) < D(G) — 1, which is not possible since v Bd(G)-i(B). 
Hence, dciv',b) > D{G) and so dG'{u',b) ^ dG'{v',b). 

Notice that since B is a metric basis of G, the case u,v B d(G)-i(B) is not possible. 

According to the two cases above, I? is a metric generator for G' and, as a consequence, B is 
also a simultaneous metric generator for any family of connected graphs H G Q B . Thus Sd(%) < 
\B\ = dim(G) and, if G G H, then Sd (H) > dirn(G). Therefore, the result follows. □ 

Figure [4] shows a graph G for which B = {^ 1 ,^ 5 } is a metric basis. The map / belongs to the 
stabilizer of B and {Gi,...,Gs} is a subfamily of Qf. In this case, the family Q B contains 1344 
different connected graphs; 48 of them are paths and B is a metric basis of the remaining 1296 
connected graphs. 

In Theorem 13.31 we showed that if a family T of cycles of order n on the same vertex set is 
selected, then the simultaneous metric dimension of this family is guaranteed to be 2 if \E\ < n — 1 . 
Moreover, we showed that there is a family of n — 1 cycles of order n on the same vertex set, whose 
simultaneous dimension exceeds 2. In this section we showed that if G = (V, E) is a fixed connected 
graph with a given basis B , then there is a large number of distinct labeled graphs G' such that G 
and G' share a large common induced subgraph and such that the simultaneous dimension of this 
family is dim(G). Thus if G is a cycle of even order n > 6 and the vertices in the metric basis B 
are adjacent, then Q B consist of 2(n — 2)! connected labelled graphs; half of them are cycles and 
the remaining are paths of order n. If the vertices in the metric basis B are not adjacent, then Q B 
consist of (n — 2 )! cycles of order n. 

5 The Simultaneous Metric Dimension of Trees 

It is known, see [4] , that the metric dimension of any given tree can be computed in polynomial 
time. To describe one such algorithm, we begin by defining a few terms. A vertex of degree at least 
2 in a graph G is called an interior vertex. The set of interior vertices of graph G is denoted by 
1(G). A vertex of degree at least 3 is called a major vertex of G. Any leaf u of G is said to be 
a terminal vertex of a major vertex v of G if d(u, v) < d(u , w) for every other major vertex w of 
G. The terminal degree ter{v) of a major vertex v is the number of terminal vertices of v, i.e., the 
number of paths in G ~ v. A major vertex v of G is an exterior major vertex of G if it has positive 
terminal degree. The set of exterior major vertices of graph G is denoted by A1(G). It was shown 
in 2] that a metric generator IT of a tree T may be constructed as follows: for each exterior major 
vertex of T select a vertex from each of the paths of T — v except from exactly one such path and 
place it in W. So dim(T) = J2 w eM(T)( ter ( w ) ~ T 


It is natural then to ask whether the simultaneous metric dimension of families of trees can be 
found in polynomial time. In this section we show that this is a difficult problem. We obtain sharp 
bounds for the metric dimension of any given collection of trees and for families of so called ‘dynamic 
tree networks’. 

5.1 Computability of the Simultaneous Metric Dimension for Trees 

We show that the problem of finding the simultaneous metric dimension (when stated as a decision 
problem) is NP- complete for families of trees. 

Simultaneous Metric Dimension (SMD) 

INSTANCE: A family Q = {Gi, G 2 ,..., Gk} of (labeled) graphs on the same vertex set V and integer 

B, 1 < B < \V\ - 1. 

QUESTION: Is Sd(£) < B? 

We use the transformation from the Hitting set Problem which was shown to be NP-complete 
by Karp [f5J. 

Hitting Set Problem (HSP) 

INSTANCE: A collection G of nonempty subsets of a finite set S and a positive integer k < |S|. 
QUESTION: Is there a subset S' C S with \S'\ < K such that S' contains at least one element from 
each subset in G? 

Theorem 5.1. The Simultaneous Metric Dimension Problem (SMD) is NP-complete for families 
of trees. 

Proof. It is easily seen that SMD is in NP. 

Let G = {Ci, C 2 ,..., Cfc} be a family of nonempty subsets of a finite set S = {vi,V 2 , 
and let K be a positive integer such that K < (S'). Let U = {wi,M 2 }, W = {w\,W 2 , • • •, Wk} and set 
V = SUl/Ul¥ where the sets S, U and W are pairwise disjoint. 

We now construct a family of k trees Xj, T 2 ,..., Tk on V as follows: For each i, 1 < i < k let Pi 
be a path on the vertices of Ci and Qi a path on the vertices of (S — Cf) U (W — {wj})- Let X,; be 
obtained from Pi, Qi and the vertices U\,U 2 , Wi by joining both u\ and 112 to the one leaf of Qi and 
then joining Wi and one leaf of Pi to the other end vertex of Qi, see Figure 0] for an illustration. Let 
T = {Xi, X 2 ,..., Xfc} and let B = K + 1 . Then there is a subset S' of S with \S'\ < K such that S' 
contains at least one element from each Ci, 1 < i < k if and only if Sd(T) < B. This way we have 
described a polynomial transformation of HSP to SMD. □ 



Xi 


X 2 


T 3 


Figure 4: A transformation from HSP to SMD for S = {v\,V 2 , ■ ■ ■ ,v$} and G = 

{{V1,V2,V 3 }, {V2,V 3 ,Vi}, {v 4 , ^ 5 }} 


5.2 Bounds for the Simultaneous metric Dimension of Families of Trees 

The result from the previous section suggest finding bounds for the simultaneous metric dimension 
of families of trees. We establish next a sharp upper bound for such families. 


9 


Proposition 5.2. Let T = {Xi, T 2 , ■ ■ ■ , Tff\ be a family of trees, which are different from paths, 

k 

defined on a common vertex set V, and let Sx = f] X(Tj) be the set of vertices that are simultaneously 

2—1 

interior vertices of every tree Tj £ 7”. Tften 

Sd(T) < \V\ - \Sx\ - 1. 

Proof. Using the ideas that underly the validity of the algorithm for constructing a (minimum) 
resolving set of a tree described in [1], it is possible to construct a set S, which is simultaneously 

a metric generator for every tree Tj £ T by constructing metric generators Wj for every tree Tj as 

k 

described and letting 5 = (J W*. Any such set S will not contain a vertex that is not in Sx, so 

2—1 

Sd(T) < \S\ < |U| - |5x| 

Moreover, for every vertex u £ V — Sx and every tree 7) £ T, either: 

(i) u is a terminal vertex of an exterior major vertex x of Tj, in which case every other terminal 
vertex of x, other than u, may be selected when constructing Wj, and hence Wj may be 
constructed in such a way that u ^ Wp, or 

(ii) u is not an end-vertex of Tj, in which case Wj may be constructed in such a way that u Wj. 

Thus, for every vertex u £ V — Sx, the set S may be constructed in such a way that u (f S and, 
as a result, Sd(T) < |Sj < \V\ — |<Sz| — 1. □ 

The above inequality is sharp. For instance, equality is achieved for the graph family shown in 
Figure HT 2 l where Sx = {mi, m 2 , ii}, any triple of leaves is a simultaneous metric generator, e.g. 
{ei,e 2 ,e 3 }, whereas no pair of vertices is a simultaneous metric generator. Thus Sd(T) = 3 = 
\V\-\Sx\-l. 


ei e 3 ei e 2 ei e 3 



Ti T 2 T 3 


Figure 5: A family of trees T = {Ti,T 2 ,T 3 } such that Sd(T) = 3 = |V| — |5x| — 1- 


However, there are families T of trees on the same vertex set for which the ratio | T ,i S iVl 


W|-|Si|-i can 

be made arbitrarily small. To see this let r, s > 3 be integers and let V = {(i,j)|l < i < r, 1 < 
j < s} U {x}. So |U| = rs + 1. Let T\ be the tree obtained from the paths Qi = (■i , 1)(*, 2)... (i, s)x 
for 1 < i < r by identifying the vertex x from each of the paths. So T\ is isomorphic to the tree 
obtained from the star I\ i iT . by subdividing each edge s — 1 times. For 2 < j < s let Tj be obtained 
from Ti by adding the edge (*, 1 )(i,j + 1) and deleting the edge (i,j)(i,j + 1) for 1 < i < r. Finally 
let T s be obtained from T 3 by adding the edge (*, l)x and deleting the edge (i, s)x for 1 < i < r. 
Let T = {Tj\l < j < s}. Then Sx = {*}• So |V| — |Sx| — 1 = rs — 1 . It is not difficult to see 
that {(i, 1)11 < i < r — 1} is a minimum resolving set for each Tj. Hence Sd(T) = r — 1. So 
AH 5 H -1 = rl^T- choosing s large enough this can be made as small as we wish. Note also 
that this family of trees achieves the lower bound given in Observation 12.1) 
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5.3 Simultaneous Resolving Sets in Dynamic Tree Networks 

Motivated by the results of the previous section we obtain sharp upper and lower bounds for the 
simultaneous metric dimension of families of trees on the same vertex set that can be obtained by 
starting from a given tree and making repeated small changes. We say that a tree T 2 is obtained 
from a tree Ti by an edge exchange if there is an edge e\ not in T\ and an edge /1 in T\ such that 
T 2 =T 1 +e 1 -f 1 . 

Theorem 5.3. Let T\ and T 2 be trees where T 2 is obtained from Ti by an edge exchange. Then 

dim(Tx) — 2 < dim(T 2 ) < dim(Ti) + 2. 

If the upper bound is attained, then there is a metric basis for T 2 that contains a metric basis for T\ 
and if the lower bound is attained, then there is a metric basis for T\ that contains a metric basis 
forT 2 . Moreover, these bounds are sharp. 

Proof. Suppose T 2 = Ti + ei — /1 where e\ is an edge not in Ti and f\ is an edge in T\. Let 
ei = uv and /1 = xy. By an earlier comment a metric basis for T 2 can be constructed by selecting 
for each major vertex, with positive terminal degree, all but one of its terminal vertices. Since T 2 
is obtained from T\ by an edge exchange it follows that the metric dimension of T 2 can be at most 
2 more than the metric dimension of T\ since T 2 has at most two more leaves than T\ and this 
upper bound is achieved only if J2 w eM(T 2 )(. ter (. w ) ~ 1) = X™eA-f(T 1 )( ier M - 1) + 2. Similarly, 
the metric dimension of T 2 can be at most two less than the metric dimension of T\ and this lower 
bounds is achieved only if u and v are both terminal vertices of distinct exterior major vertices and 

£™eM(T 2 )( fer H ^ !) + 2 =’EweM(T 1 )( ter ( w ) ~ !); 

If the upper bound is attained, then a metric basis of T\ together with x and y is a metric basis 
for T 2 with the specified properties. Also, if the lower bound is attained, then a metric basis for T 2 
together with u and v is a metric basis for T\ with the desired properties. 

For the sharpness of the upper bound let T[ be the tree obtained from the star Ad ,3 having center 
v\ and leaves u,V\^,v\ t2 by subdividing the edge uv 1 twice. Let X\ be the neighbour of u in T[ and 
y 1 the neighbour of v\ in T[. Now let T be any tree that contains a vertex labeled u but which is 
otherwise vertex disjoint from T[. Identify the vertex labeled u in T[ with the vertex labeled u in 
T and join a new leaf y to u. Let T\ be the resulting tree. Now let e\ = uv 1 and /1 = X\y\. If 
T 2 = Ti + ei — / 1 , then dim(T 2 ) = dim(Ti) + 2. 

For the lower bound let T\ be a double star obtained from two copies of the star r > 3 
with centers x and y, respectively by joining x and y with an edge. Let u be a neighbour of x and v 
a neighbour of y. Let ei = uv and fi = xy and let T 2 = T\ + e\ — f\. Then dim(Ti) — 2 = dim(T 2 ). 

□ 

Corollary 5.4. Let T\,T 2 ,... ,T\. be a sequence of trees such that T i+ i is obtained from Ti by an 
edge exchange for 1 < i < k. Then 

dim(Ti) — 2 k < dim(Ts) < dim(Ti) + 2k. 

If the upper bound is attained, there is a metric basis for T/. that contains a metric basis for Ti for 
all 1 < i < k and if the lower bound is attained, there is a metric basis of T\ that contains a metric 
basis for Ti for 1 < i < k. Moreover, these bounds are sharp. 

Proof. The bounds follow from Theorem 15.31 and induction. Also, if the upper bound is attained, 
there is a metric basis for T\ that contains a metric basis for Ti for all 1 < i < k and if the lower 
bound is attained, there is a metric basis of T\ that contains a metric basis of T for 1 < i < k. 

We now illustrate the sharpness of the given bounds. Consider first the upper bound. Let T[ be 
the tree obtained from the star with center Vi and leaves u, 14 , 1 , fi, 2 , by subdividing the edge 

Wi twice. Let Xi be the neighbour of u in T' and yi the neighbour of Vi in T[. Identify the vertices 
labeled u in each Tj and then join a leaf y to u and let T\ be the resulting tree. For i = 1,2,..., k 
let ei = uVi and fi = Xiyi. Suppose T has been defined for some 1 < i < k. Let Tj+i = 'Tj; + e; — fi. 
Then dim(Tfc) < dirn(Ti) + 2k. 
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For the lower bound let Tj be obtained from a star JsTi^fc+i with center x and leaves {iq, w 2 , • • •, Uk, 
Mfc+i} U {j/i, 2 / 2 ) • ■ •, Uk} by joining three (new) leaves Vi, Zi and s, to //,; for 1 < i < k. For 1 < i < k 
let e, = UiVi and fi = xyi- Suppose T) has been defined for some i, 1 < i < k. Let 7j +1 = Tj + e» — 
Then dim(Tj) — 2 k = dim(Tfc). 

□ 

Corollary 5.5. If Tj and T 2 are any two trees on the same set of n vertices such that Tj and T 2 
have k edges in common where k > n/2, then 

dim(Tj) — 2 (n — k — 1) < dim(T 2 ) < dim(Ti) + 2(n — k — 1). 

Proof. This follows from the fact that T 2 can be obtained from Tj by a sequence of n — k — 1 edge 
exchanges. □ 

6 Concluding Remarks 

In this paper we obtained sharp upper and lower bounds on the simultaneous metric dimension 
of families of (connected) graphs. We obtained exact values for this invariant in the case of some 
specific families of graphs. We showed that if Tj, T 2 ,..., Tk is a sequence of trees such that each X), 
2 < i < k is obtained from T)_ 1 by an edge-exchange, then the metric dimension of the family differs 
from that of Tj by at most 2k. We showed, for a given connected graph G, that there is a large 
family of labeled graphs with the same vertex set having the same simultaneous metric dimension 
as G. Nevertheless it appears to be a difficult problem in general to find the exact value for the 
simultaneous metric dimension of a family of graphs on the same vertex set, even if the metric 
dimension of each member of the family is known. 
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